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Abstract 

In 1984, Fan gave a sufficient condition for Hamilton cycles involving maximum 
degree of every pair of vertices at distance two. Motivated by Fan's result, we say 
that an induced subgraph H of G is /-heavy if for every pair of vertices u, v 6 V(H), 
(Ih(u,v) = 2 implies that max{d(u), d(v)} > n/2. For a given graph R, G is called 
i?-/-heavy if every induced subgraph of G isomorphic to R is /-heavy. For a family 
1Z of graphs, G is called TZ-f -heavy if G is i?-/-heavy for every R £ TZ. In this note 
we show that every 2-connected graph G has a Hamilton cycle if G is {K13, P7, D}- 
/-heavy or {^1,3, P7, H}-f -heavy, where P7 is a path of length 6, H consists of two 
triangles sharing a common vertex, and D is obtained by attaching two disjoint paths 
of length 2 to two vertices of a triangle. Our result extends a previous theorem 
of Broersma, Ryjacek and Schiermeyer [H.J. Broersma, Z. Ryjacek, I. Schiermeyer, 
Dirac's minimum degree condition restricted to claws, Discrete Math. 167-168 (1997) 
155-166] on Hamiltonicity of 2-connected graphs. 
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1 Introduction 

We use Bonely and Murty [3] for terminology and notation not denned here and consider 
simple graphs only. 
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Let G be a graph on n vertices. If a subgraph G' of G contains every edge xy £ E(G) 
with x,y € y(G'), then G" is called an induced subgraph of G. For a given graph R, 
G is R-free if G contains no induced subgraph isomorphic to R, and R-f -heavy if for 
every induced subgraph G' of G isomorphic to R and every pair of vertices u, v € l^(G'), 
dG'(u,v) = 2 implies that max{d(u), > n/2. For a family 7£ of graphs, G is IZ-free 

(TZ-f -heavy) if G is R-free (R-f '-heavy) for every R £ 1Z. Note that every 7£-free graph is 
also TZ- /-heavy. 

The graph A13 is called a claw and its vertex of degree one is called an end-vertex. 
Following f3], a graph G is 2-heavy if at least two end- vertices of each induced claw of 
G have degree at least n/2. Throughout this note, we use claw-free (2-heavy) instead of 
A\ 3 -free (i^i i3 -/-heavy). 

A graph is called Hamiltonian if it contains a spanning cycle. In 1984, Fan [8] gave a 
sufficient condition for the existence of Hamilton cycles in 2-connected graphs as follows. 

Theorem 1 (Fan [5]). LetG be a 2-connected graph onn > 3 vertices. Ifm&x{d(x), d(y)} > 
n/2 for every pair of vertices x and y with d(x, y) = 2, then G is Hamiltonian. 

Obviously, Fan's result is equivalent to every 2-connected ^-/-heavy graph is Hamil- 
tonian. Thus we can naturally pose this problem: which two connected graphs R and 
S other than P3 imply that every 2-connected {R, S'j-J-heavy graph is Hamiltonian? In 
fact, Bedrossian, Chen and Schelp p], Chen, Wei and Zhang [3 [7], and Li, Wei and Gao 

got some results related to this problem, respectively. Recently, this problem has been 
completely solved in [12] . 

The main purpose of this note is to find triples of Fan-type heavy subgraphs which 
ensure Hamiltonicity of graphs. First, there are a series of results about Hamilton cycles 
based on triples of forbidden subgraphs. The following two results are well-known ones in 
this direction. 

Theorem 2 (Broersma and Veldman [5]). Let G be a 2-connected graph. If G is claw-free 
and {-P7, D}-free, then G is Hamiltonian. (see Fig. 1) 

Theorem 3 (Faudree, Ryjacek and Schiermeyer [9|). Let G be a 2-connected graph. If G 
is claw-free and {P7, H}-free, then G is Hamiltonian. (see Fig. 1) 
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D (Deer) H (Hourglass) 

Fig. 1. Graphs D and H. 



Broersma et al. [I] extended Theorems [2] and [3] to a larger class of 2- heavy graphs. 

Theorem 4 (Broersma, Ryjacek and Schiermeyer [5]). Let G be a 2- connected graph. If 
G is 2-heavy, and moreover {P-/,D}-free or {Pj, H}-free, then G is Hamiltonian. 

By restricting Fan's condition to triples of induced subgraphs of graphs, we extends 
Theorem [5] as follows. 

Theorem 5. Let G be a 2-connected graph. IfG is {K\^, Pj, D}-f -heavy or {Ki^,Pj, H}- 
f -heavy, then G is Hamiltonian. 

Remark 1. The graph provided in the following shows that Theorem [5] indeed strengthen 
Theorem HI Let n > 16 be an even integer and K n / 2 + K n /2-7 denotes the union of two 
complete graphs K n / 2 and K n / 2 _ 7 . We construct the graph G with V(G) = V{K n / 2 + 
K n/2-i) U {x, y, z, u, v, w, t} and E(G) = E(K n/2 + K n/2 _ 7 ) U {xy, xz, yz, yw, wu, zt, tv} U 
{xx 1 ,yx' , zx' : x' € V(K n / 2 )} U {uy',vy' : y' € V{K n / 2 _ 7 )}. It is easy to see that G 
is a Hamiltonian graph satisfying the condition of Theorem [5j but not the condition of 
Theorem [TJ or [U 

The rest of this note is organized as follows. In Section 2, we will give additional 
terminology and notation and list some useful lemmas. The proof of Theorem [5] will be 
postponed to Section 3. 



2 Preliminaries 

Let G be a graph and H be a path or a cycle of G. We denote by H* the path (or the 
cycle) with a given orientation, and by %1 the same subgraph with the reverse orientation. 
For two vertices x,y £ V(H), ~H[x,y] is denoted by the consecutive vertices from x to y 
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in H by the direction specified by H, and H[y, x] is the same vertices with the reverse 
order. For a vertex x G V(H), x + denotes the successor of x on IT , and x~ denotes its 
predecessor. 

Recall that a vertex of a graph G on n vertices is heavy if its degree is at least n/2; 
otherwise, it is light. A cycle C of G is called a heavy cycle if it contains all the heavy 
vertices of G. Following |10| . we use E{G) to denote the set {xy : xy G E(G) or d(x) + 
d{y) > n, x, y € 1/(G)}. Let > 3 be an integer. A sequence of vertices C = v\V2 ■ ■ ■ VkV\ 
is called an Ore-cycle or briefly, o-cycle of G, if for every i G {l,--- ,&}, there holds 
ViVi + \ G E(G), where the indices are taken modulo k. 

Lemma 1 (Bollobas and Brightwell [2], Shi [13]). Let G be a 2-connected graph. Then G 
contains a heavy cycle. 

Lemma 2 (Li, Ryjacek, Wang and Zhang [TO]). Let G be a graph and C be an o-cycle of 
G. Then there exists a cycle C' of G such that V{C) C V(C'). 

3 Proof of Theorem [5] 

By Lemma [H G contains a heavy cycle. Let C be a longest heavy cycle of G, fixed 
an orientation. Suppose that G is not Hamiltonian. Since G is 2-connected, there is a 
path of length at least 2, internally-disjoint with C, that connects two vertices of C. Let 
P = vjqw-i . . . w r w r+ i be such a path with r as small as possible, where u>o = u G V(C) 
and w r+ i = w£ ^(C). 

Claim 1. Let x <G F(P)\{u, u} and y G {n~, u + , Then ^ E(G). 

Proof. Without loss of generality, assume that y = u~ . Suppose that xy G E{G). Then 
C' = yxP[x, u] ~C*[u, y] is an o-cycle containing all the vertices of C and longer than C . By 
Lemma [21 there is a longer cycle containing all the vertices in C, that is, a longer heavy 
cycle in G, a contradiction. The other assertions can be proved similarly. □ 

Claim 2. u~u + G E(G), v~v + G E{G). 

Proof. Suppose that u~u + ^ E(G). By Claim [TJ {u, u~ , u + , wi} induces a claw. By the 
choice of C, w\ is light. Since G is 2-heavy, we have d{u~) + d(u + ) > n. This implies that 
u~u + G E(G). Similarly, we can prove the other assertion. □ 
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Claim 3. uv ± £ E(G), im* u _ tr £ E(G), u + v+ <£ E(G). 

Proof. Suppose that uv~ G £(G). By ClaimEl u + u~ G -E(G). Then C" = inrt; u+]ti+ 
u~ C , v] P [v, u] is an o-cycle containing all vertices in C and longer than C, a contradic- 
tion. Suppose u~v~ £ E(G). Then C' = u~ v~ C [v~ , u] [v,u ] is an o-cycle containing 
all vertices in C and longer than C, a contradiction. The other assertions can be proved 
similarly. □ 

Let y\ be the first vertex on ~C[u, v] such that uy\ £ E(G), y2 be the first vertex on 
C^[u,it] such that vyi £ E(G). By Claim [3l uv~ ^ E(G) and vu~ £ E(G). Thus, y\ and 
2/2 are well-defined. 

Claim 4. Let w G {lOi, • • • , w r },x G and y G C[?; + ,?/2]- Then we have 

(1) wx E(G),wy <£ E(G); 

(2) uy i E(G),vx £ E(G); 

(3) xy i E(G). 

Proof. (1) Suppose that wx G E(G). By Claim [H x ^ u + and this implies that ux~ G 
E(G). ThenC = ~P[ u, w]wxC[x, u ]u u + ~C*[u + ,x ]x u is an o-cycle longer than C and 
contains all vertices in C, a contradiction. The other assertion can be proved similarly. 

(2) Suppose that uy G E(G). By Claim [31 y ^ v + and this implies that vy~ G E(G). 
Then C = uyC[y, u~}u~ u+'C* [u + , v~]v~v + ~C[v + , y~}y~vP [v , u] is an o-cycle longer than 
C and contains all vertices in C, a contradiction. Similarly, the other assertion can be 
proved. 

(3) Suppose that xy G E(G). By Claim H u~u+ G E(G) amd v~v+ G E{G). Now 
C" = ~Pvy~ C [y~ , v + ]v + v~ C [v~, x]xy ~C[y, u~]u~ u + ~C [u + , x~]x~u (if x ^ u + and y ^ 
v + ) or C" = ~Pvy^ C [y~ , v + }v + v~ C [v~ , u + ]u + y ~C*[y, u] (if x = u + and y ^ v + ) or C = 
~P C [v, x]xv + C[v + , u~]u~u + C{u + , x~]x~u (if x ^ u + and y = v + ) is an o-cycle longer 
than C and contains all vertices in C, a contradiction. □ 

Claim 5. u~u + G E{G) or v~v+ G £(G). 

Proof. Suppose that u~u + £ E(G) and v ~v + ^ E(G). By Claim [21 we have d(u~) + 
<i(« + ) > n and d{v~)+d{v + ) > n. Thus, we obtain d{u~)+d{v~) > n or d(u + )+d(v + ) > n, 
contradicting to Claim [3j □ 

By ClaimO without loss of generality, we assume that u-iUi G E{G). 



Case 1. uv £ E(G) or uv G E(G) and r = 1. 

Suppose that uv £ E(G). By Claim[31 {3/1,2/f, it, . . . , w r , w, 2/^,2/2} induces a ffc+r, 
where r > 1. Since G is P^-f -heavy, G is also i-6+r-/-heavy. By the choice of C, w\ 
and w r are light. It follows that and y^ are heavy, and this implies y±y^ £ E(G), 
contradicting to Claim [5] (3). 

Suppose that uv G E(G) and r = 1. Recall that G is Z)-/-heavy or H- /-heavy. If 
G is D- /-heavy, then by Claim 01 {y±, i/j~, it, ia>i, u, y% , 2/2} induces a D. Since u>i is light, 

and are heavy. It follows that y^y^ G E(G), which contradicts to Claim 0] (3). 
Now, we assume that G is H-f -heavy. By Claims [T] and O it, u + , tt?i, u} induces an 
H. It follows that u~ is heavy. If v~v + G E(G), then by Claims [T] and [3l v + , 
induces an ii". Similarly, we have v~ is heavy. If v~v + G' E(G), then v, v + , ui\} 
induces a claw. Since w\ is light and G is 2-heavy, we have v~ is heavy. In these two 
cases, we obtain u~v~ G E(G), which contradicts to Claim [3l 

Case 2. uv G £(G) and r > 2. 

Since r > 2 and the choice of the path P, we have ui±v ^ E(G) and u> r u ^ E(G). 
By Claim we obtain ^ -E(G) and n~w ^ E{G). By Claim [Q u>iii _ ^ E(G) and 
wvt; + ^ E(G). Thus each of {it, mi, u~, v} and {v, u; r , v~ , u} induces a claw. Since each 
of {u>i,w r } is light and G is 2-heavy, u~ and v~ are heavy. Hence u~v~ G E(G), which 
contradicts to Claim [3J 

The proof is complete. □ 
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